Entanglement Entropy from TFD Entropy Operator by Dias, M. et al.
ar
X
iv
:2
00
7.
05
36
5v
1 
 [h
ep
-th
]  
9 J
ul 
20
20
Entanglement Entropy from TFD Entropy Operator
M. Dias,1, ∗ Daniel L. Nedel,2, † and C. R. Senise Jr.1, ‡
1Universidade Federal de Sa˜o Paulo,
Departamento de F´ısica, Rua Sa˜o Nicolau 210,
CEP: 09913-030, Diadema, SP, Brasil
2Universidade Federal da Integrac¸a˜o Latino-Americana,
Instituto Latino-Americano de Cieˆncias da Vida e da Natureza,
Av. Tancredo Neves 6731 bloco 06,
CEP: 85867-970, Foz do Iguac¸u, PR, Brasil
Abstract
In this work, a canonical method to compute entanglement entropy is proposed. We show
that for two-dimensional conformal theories defined in a torus, a choice of moduli space allows
the typical entropy operator of the TFD to provide the entanglement entropy of the degrees of
freedom defined in a segment and their complement. In this procedure, it is not necessary to make
an analytic continuation from the Re´nyi entropy and the von Neumann entanglement entropy is
calculated directly from the expected value of an entanglement entropy operator. We also propose
a model for the evolution of the entanglement entropy and show that it grows linearly with time.
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I. INTRODUCTION
Entanglement is fundamental to quantum mechanics and is one of the features that
distinguishes it sharply from classical mechanics. The quantum entanglement plays an
important role in quantum computations [1] and the entanglement structure encoded in a
many-body wavefunction provides important insights into the structure of the quantum state
under consideration. The quantity that measures the quantum entanglement of a subset HA
of the Hilbert space H with the rest of this space is the entanglement entropy. Usually, the
entanglement entropy is defined as the von Neumann entropy corresponding to the reduced
density matrix
SE = −TrρA ln ρA , (1)
where the reduced density matrix ρA of a subspace of the Hilbert space H is obtained by
tracing over the degrees of freedom of its complement HB. It is possible to use the reduced
density matrix to define other types of entropies, such as Re´nyi entropies, determined by:
S
(r)
A =
1
1− r ln ρ
r
A , (2)
where, in the canonical definition, r ∈ Z+, but an analytical continuation can be made to
r ∈ ℜ+, which is used to calculate the entanglement entropy from the limit
SE = lim
r→1
S
(r)
A . (3)
In recent years, the entanglement entropy concept has been applied in several areas of
theoretical physics: from condensed matter, where for some systems it was realized that
the entanglement entropy is used as an order parameter [2, 3], up to high energy physics,
where entanglement has been playing an important role in the ADS/CFT conjecture and
has helped to understand the thermodynamic entropy of black holes. [4, 5].
In general, the entanglement concept is best understood in discretized systems. To go
into the realm of quantum field theory, we define the field φ(x), where x is a set of spatial
coordinates that describes the spatial location on a time-slice. Then, given a wave functional
Ψ[φ(x)] for the instantaneous state of the system, the construction of the reduced density
matrix can be realized in the same way as in the discrete case, as well as its associated
entanglement entropy.
Although the wave functional Ψ[φ(x)] is useful to formally define the reduced density
matrix in continuum QFTs, in general, in order to calculate the entanglement entropy for
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quantum fields, it is more useful to go directly to a path integral formulation. In this
procedure, the entanglement entropy is not calculated directly. Actually, it is the Re´nyi
entropy that is calculated and the entanglement entropy itself is obtained by means of an
analytic continuation1. To do this calculation, it is necessary to define a contour in the
functional integral which resembles the Schwinger-Keldysh (SK) formalism for real time
finite temperature quantum field theory [7]. As usual, the contour used in the definition of
the functional integral implies a doubling of the degrees of freedom.
Whereas in the SK formalism the duplication of the degrees of freedom is a consequence of
the contour used in the functional integral, in the Thermo Field Dynamics (TFD) formalism
the duplication is defined from the beginning in the definition of the fields [8]. In fact, TFD is
a canonical formalism whose main characteristic is the doubling of the degrees of freedom and
a Bogoliubov transformation to entangle such duplicated degrees, defining a thermal vacuum
such that the statistical average in TFD is written as the expected value on a pure state2.
An important ingredient of the formalism is the construction of an operator whose expected
value in the thermal vacuum provides the thermodynamic entropy of the system: this is
called the entropy operator. This is the main motivation for this letter. By construction,
the entropy operator measures the entanglement between the original system and its copy;
actually, the thermal vacuum is the state of maximum entanglement. An important question
to be considered is whether the relation of the quantum field SE calculation to thermal
field theories also appears in the canonical formulation. More precisely, we can ask if the
entropy operator can also be used to calculate ordinary quantum entanglement entropy in
a non-thermodynamical context. We will show in this letter that we can generalize the
TFD vacuum, such that it corresponds to a torus boundary state, in the spirit of the one
defined in [12]. So, for c = 1 two-dimensional conformal theories, a choice of torus moduli
space allows the typical TFD entropy operator to provide the entanglement entropy of the
degrees of freedom defined in a segment and their complement. In this computation, the
entanglement entropy is calculated directly and in a canonical way. Also, based on the non-
equilibrium TFD, a model for the entanglement evolution is proposed. The model consists
of a linear coupling between the original and auxiliary modes and the typical linear behavior
1 For a review see [6].
2 TFD also have a functional representation [9]. The relationship between the perturbation scheme in TFD
and the one in SK method was first pointed out in [10, 11].
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of conformal theories is found in the small coupling limit.
II. ELEMENTS OF TFD
In this section, we present a revision of the TFD formalism in order to introduce the
entropy operator. In general, the statistical average 〈O〉 of an operator O is defined by the
functional ω (O) = Tr (ρO):
〈O〉 = Tr[Oe
−βH]
ω (1)
, (4)
where ρ = e−βH and ω (1) is the partition function.
The main idea of the formalism is to describe the thermal state as a pure rather than a
mixed state and to interpret the statistical average as the expected value of O in a thermal
vacuum [8, 13–17]:
ω (O)
ω (1)
= 〈0(θ) |O| 0(θ)〉 . (5)
At the equilibrium, the θ parameter is a function of the temperature. In order to construct
the thermal vacuum, it is necessary to duplicate the degrees of freedom by constructing an
auxiliary Hilbert space, which is a copy of the original system. Once observed that temper-
ature is introduced as an external parameter, the thermal vacuum appears as a condensate
state in the doubled Fock space composed by the physical space and the auxiliary one. The
thermal vacuum is defined by a Bogoliubov transformation, which actually entangles the
system and its copy. The auxiliary Hilbert space is denoted by H˜ and the total Hilbert
space is the tensor product of the two spaces, HT = H ⊗ H˜, with elements |Φ〉 = |φ, φ˜〉.
From the usual annihilation operators, the vacuum is defined by
Ak |0〉〉 = A˜k |0〉〉 = 0 , (6)
where |0〉〉 = |0〉 ⊗ |0˜〉.
The original and the tilde systems are related by a mapping called tilde conjugation rules,
associated with the application of the Tomita-Takesaki modular operator of the algebraic
statistical mechanics [7, 18]:
(AiAj )˜ = A˜iA˜j ,
(cAi + Aj )˜ = c
∗A˜i + A˜j ,
(A†i )˜ = (A˜i)
†, (A˜i)˜ = Ai ,
4
[
A˜i, Aj
]
= 0 . (7)
The Hamiltonian of the extended system is denoted by Hˆ, and is defined by Hˆ = H− H˜.
The first construction of TFD consists in defining a Bogoliubov transformation, using
only one generator that produces an unitary transformation and preserves the tilde conju-
gation rules. A major generalization can be made and one can find a set of generators that
maintains the thermal nature of the transformation. The set of generators forms an oscillator
representation of the SU(1, 1) group for bosons and of the SU(2) group for fermions [8, 19];
these are related to the Gaussian structure of the thermal vacuum. The SU(1, 1) formula-
tion allows one to write the Bogoliubov operator in terms of complex parameters, which is
essential for the results presented in the following subsection. Let us explore the SU(1, 1)
unitary formulation for a set of bosonic oscillators. The SU(1, 1) Bogoliubov generators are3
G =
∑
k=1
[
γ1kA˜
†
k · A†k − γ2kAk · A˜k + γ3k
(
A†k · Ak + A˜k · A˜†k
)]
, (8)
where γ1k , γ2k and γ3k are free parameters of the Bogoliubov transformation, and the thermal
vacuum is
|0(θ)〉 = exp(−iG) |0〉〉 . (9)
In Eq. (9), θ represents all the SU(1, 1) parameters. This generator carries out an unitary
and canonical transformation such that the creation and annihilation operators transform
according to  Ak(θ)
A˜†k(θ)
 = e−iG
 Ak
A˜†k
 eiG = Bk
 Ak
A˜†k
 ,
(
A†k(θ) −A˜k(θ)
)
=
(
A†k −A˜k
)
B
−1
k , (10)
3 Actually, there are two ways to generalize the TFD Bogoliubov generator. In one case, the tilde conjugation
rules are preserved but the transformation, even in a finite volume limit, is non-unitary. This construction
was largely applied and its connection with other thermal field theories is clear, as one can see, for example,
in Refs. [8] and [20]. In the other case, the transformation is unitary in a finite volume limit, but the
tilde conjugation rules are not preserved, which would cause an ambiguity in the choice of the thermal
vacuum. In Ref. [21], the ambiguity related to the thermal vacuum choice was shown to be just apparent
and the so called general unitary SU(1, 1) TFD formulation was presented. Such a formulation considers
a transformed Tomita-Takesaki modular operator. As a consequence, the tilde conjugation rules were
redefined in the transformed space and named breve conjugation rules. In the application of Ref. [22],
it is shown that the SU(1, 1) parameters are related to the boundary conditions of the string worldsheet
fields in AdS black holes.
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where the matrix transformation is given by
Bk =
 uk vk
v
∗
k u
∗
k
 , |uk|2 − |vk|2 = 1 , (11)
with elements [23]
uk = cosh (iΓk) +
γ3k
Γk
sinh (iΓk) , vk = −γ1k
Γk
sinh (iΓk) , (12)
and Γk is defined by the following relation:
Γ2k = γ1kγ2k + γ
2
3k
. (13)
A quite convenient way to write the Bogoliubov transformation matrix (11) arises if we
make the polar decomposition uk = |uk|eiϕk , vk = |vk|eiφk , and rewrite the matrix elements
in terms of the new parameters:
fk =
|vk|2
|uk|2 , αk =
log(vk
uk
)
log(fk)
=
1
2
+ i
(φk − ϕk)
log(fk)
, sk = iϕk =
1
2
log
(
uk
u
∗
k
)
. (14)
In fact, with these steps we can present the Bogoliubov matrix as [8, 20]
Bk =
1√
1− fk
 esk −fαkk esk
−fα∗kk e−sk e−sk
 , (15)
with αk + α
∗
k = 1. Since A(θ) annihilates the thermal vacuum, we get the so-called thermal
state condition: [
Ak − fαk A˜†k
]
|0(θ)〉 = 0 . (16)
Therefore, the thermal vacuum is in fact a boundary state. The expected value of the
number operator gives the distribution:
Nk(θ) = 〈0(θ)|A†kAk |0(θ)〉 =
fk
1− fk . (17)
At the equilibrium, the SU(1, 1) parameters are fixed as functions of the temperature by
minimizing a thermodynamic potential. In order to do this, let us define a very important
operator, the entropy operator [24]:
K = −
∑
k=1
[
A†k · Ak log
(
γ1kγ2k
Γ2k
sinh2 (iΓk)
)
− Ak · A†k log
(
1 +
γ1kγ2k
Γ2k
sinh2 (iΓk)
)]
. (18)
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It was shown in [24] that the thermal vacuum can also be generated by the action of this
entropy operator. In a thermal equilibrium situation, its expected value provides the thermo-
dynamic entropy, which has its origin in coarse graining, and is not related to entanglement.
However, one can show that, in general, K measures the entanglement between the original
system and its copy. To make this statement clear, it can be shown that the thermal vacuum
can be written as follows:
|0(θ)〉 =
∑
n
√
Wn(θn) |n, n˜〉 , (19)
where
Wn(θ) =
∏
k
( |vk|2nk
(|uk|2)nk+1
)
. (20)
Now it is possible to make an important connection with the density operator. For the
sake of simplicity, we are going to write the tilde fields as B fields. Considering the so-called
extended density matrix
ρ = |0(θ)〉 〈0(θ)| , (21)
if we trace over the tilde fields (now the B fields), the reduced density operator is
ρA = TrB [|0(θ)〉 〈0(θ)|]
=
∑
n
Wn(θ) |n〉 〈n| , (22)
and the entropy is written as
SA(θ) = 〈0 (t) |KA| 0 (θ)〉 =
∑
n
Wn(θ) lnWn(θ) . (23)
This makes clear the fact that the expected value of the entropy operator is the entanglement
entropy relative to tracing over the B degrees of freedom. However, the Hilbert space is not
geometrically partitioned here - the division of the system into subsystems A and B does
not follow the more traditional geometric delimitation. The entanglement is related to the
boundary state solution of equation (16).
Note that, up to this point, the SU(1, 1) parameters are quite general and can be time
dependent. Now we are going to fix them. In TFD, the expected value of the original
Hamiltonian is interpreted as the thermal energy. The following potential is then defined:
F = 〈0 (t) |H| 0 (θ)〉 − 1
β
〈0 (t) |KA| 0 (θ)〉 . (24)
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Now, for a set of oscillators with frequency ωk, by minimizing F in relation to the Bogoliubov
parameters, we find
Nk =
fk
1− fk =
1
eβωk − 1 , (25)
which is the usual thermodynamic distribution for a bosonic system in equilibrium at tem-
perature 1/β. Now the entropy operator provides the thermodynamic entropy and F is the
free energy.
We have just shown that, generally in TFD, the same operator that measures the entangle-
ment between two sets of fields provides, for a given choice of the entanglement parameters,
the thermodynamic entropy. It is quite amazing and fits with what we learn from string
theory. In particular, in Ref. [25], it is shown that the entropy resulting from the counting
of microstates of non-extreme black holes can be interpreted as arising from entanglement
in the dual description.
The entropy operator is a function of the distribution and is quite general. We will
show in the next section that we can choose the distribution such that the entropy operator
corresponds to a spatial entanglement entropy, that is, a measure of entanglement in a
spatially partitioned Hilbert space.
III. ENTROPY OPERATOR IN CONFORMAL THEORIES DEFINED IN A
TORUS
It was shown in [12] that, for a two-dimensional conformal theory with central charge c,
it is possible to use Eq. (16) to define a boundary state that represents a torus with moduli
space τ = λ + i β
2π
, where λ is a Lagrange multiplier associated to a gauge fixing. More
precisely, the SU(1, 1) parameters are related to the torus moduli space and the thermal
state condition defines a torus boundary state. In this particular construction, the moduli
space is defined in such a way that the torus boundary space corresponds to the TFD thermal
vacuum. However, as discussed in the previous section, the TFD formalism allows a more
general choice for the parameters of the Bogoliubov transformation, which actually defines
the boundary state. In this section, we will combine this fact with conformal invariance
to define the more general torus moduli space, such that the expected value of the entropy
operator is in fact the entanglement between the degrees of freedom of the theory defined
in an interval and its complement. The inspiration for this issue is the pioneering work of
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[26], which calculates the entanglement entropy from the torus partition function. From this
point on we will work with c = 1.
The torus boundary state is derived from gluing conditions between the original field
Φ(x, t), defined in a cylinder, and an auxiliary field Φ˜(x˜, t˜), defined in another cylinder. We
are just gluing together the end of the original cylinder with the origin of the tilde cylinder,
and vice-versa. In order to define the cylinders, the t parameter runs from t to t + β/2 in
imaginary time and t˜ runs in the reverse direction. This procedure will confine the fields to a
restricted region β in the Euclidean time. Also, before gluing, the identification x˜ = x− πλ
must be done in order to take into account the Dehn twist in one cycle of the torus. The two
parameters of the resulting torus moduli space will be related to β and λ. We can think of
the fields as living in the two sides of a bifurcated Killing horizon, and admit a plane wave
expansion. These considerations can be written as follows:
Φ(t, x)− Φ˜(−t− β
2
, x− λπ) = 0 ,
Φ(−t˜− β
2
, x˜+ λπ)− Φ˜(t˜, x˜) = 0 . (26)
Expanding Φ (t, x) and Φ˜ (t, x) in modes and assuming periodic boundary conditions, we
obtain
Φ(t, x) =
∑
n
1√
n
[ (
ane
−n(t−ix) + a†ne
n(t−ix)
)
+
(
a¯Ine
−n(t+ix) + a¯†ne
n(t+ix)
) ]
, (27)
and
Φ˜ (t, x) =
∑
n
1√
n
[ (
a˜ne
−n(t˜+ix˜) + a˜†ne
n(t˜+ix˜)
)
+
(
˜¯a
I
ne
−n(t˜−ix˜) + ˜¯a
† I
n e
n(t˜−ix˜)
) ]
, (28)
where the expansion for Φ˜ (t, x) is obtained from the tilde conjugation rules and x ∈ [0, 2π].
The oscillators an and a¯n represent the holomorphic and anti-holomorphic sectors, respec-
tively. The identification (26) turns out to be the following set of operatorial equations for
a boundary state |Φ〉 = |φ, φ˜〉:[
aIn − e−n(
β
2
+iλπ)a˜† In
]
|Φ〉 = 0 , (29)[
a˜In − e−n(
β
2
+iλπ)a† In
]
|Φ〉 = 0 , (30)[
a¯In − e−n(
β
2
−iλπ)˜¯a† In ] |Φ〉 = 0 , (31)[˜¯aIn − e−n(β2−iλπ)a¯† In ] |Φ〉 = 0 , (32)
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with
|Φ(q)〉 =
[
(qq¯)
1
24 |η(q)|−2
]− 1
2
e
∑
n>0(a
†
n·a˜
†
n)q
n
2 × e
∑
n>0(a¯
†
n·˜¯a
†
n)q¯
n
2 |0〉〉 , (33)
where q = e2πiτ , η (q) is the Dedekind η function:
η(q) = q
1
24
∏
n=1
(1− qn) , (34)
and q¯ is the complex conjugate of q. We can verify that the expected values obtained in the
state written above correspond to the following statistical average:
〈O〉 = Tr[Oe
−βH′]
Z ′
, (35)
where the partition function Z ′ is the oscillator part of the torus partition function
Z ′ = Tre2πIm(τ)H
′
e2πRe(τ)P
′
, (36)
and the operators H ′ and P ′ are the time and space translation operators on the cylinder,
which are written in terms of holomorphic and anti-holomorphic oscillator number operators
(Nk and N¯k):
H ′ =
∞∑
k=1
(
Nk + N¯k
)− (c+ c¯)
24
, P ′ =
∞∑
k=1
(
N − N¯) . (37)
The central charge c = c¯ does not contribute to the statistical average. The partition
function can be written as
Z ′ = Tr
(
qL0−
1
24 q¯L¯0−
1
24
)
= |η(q)|−2 . (38)
Note that Z ′ is not modular invariant: this is because we do not take into account the
continuous degrees of freedom of the zero mode, which are shared by the left and right
movers. The zero mode wave function is eipx and it has energy L0, L¯0 =
p2
2
. The zero mode
partition function is Z0 =
∫
dpq
p2
2 q¯
p2
2 and the total partition function, Z = Z ′Z0, is modular
invariant. To incorporate the zero mode part into the TFD torus state, we just need to
write the state as
|Φ(p)〉 = |Φ〉 ⊗Ψ(β, p)
〈Φ(p)| = 〈Φ| ⊗ Ψ¯(β, p) , (39)
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where Ψ(β, p) is the normalized zero mode TFD momentum wave function:
Ψ(q, p) = 〈p|0(β)〉 = (Im(τ)) 14 q p
2
2
Ψ¯(q, p) = 〈0(β)|p〉 = (Im(τ)) 14 q¯ p
2
2 (40)
The zero mode dependence of the torus state will not be important for the entropy calculation
we intend to make.
Note that the torus boundary state is an entanglement state involving Φ and Φ˜. Now let
us define the torus boundary state for a more general moduli. Assume that the moduli space
confines the system to a region R1 = [0,Σ]. We also define the complement in the region
R2 = [Σ,Λ], where Λ is an infrared cutoff. Our strategy is to calculate the entanglement
entropy produced by the entanglement of the degrees of freedom defined in R1 with the
degrees of freedom defined in R2, through the expected value of an operator written in
terms of the degrees of freedom contained in R1 - this operator is the entropy operator that
defines the torus boundary state in an appropriate moduli. This state can be written as
|Φ〉 = e−KeΣn(a˜†na†n+˜¯a†na¯†n) |0〉 , (41)
where the operator K is defined by
K = −
∑
n=1
{
a†n · an ln
(
sinh2 (θn)
)− an · a†n ln (cosh2 (θn))}
−
∑
n=1
{
a¯†n · a¯n ln
(
sinh2
(
θ¯n
))− a¯n · a¯†n ln (cosh2 (θ¯n))} , (42)
with the identifications
tanh (θn) = q¯
n
2 , tanh
(
θ¯n
)
= q
n
2 , (43)
sinh2 (θn) =
1
qn − 1 , sinh
2
(
θ¯n
)
=
1
q¯n − 1 . (44)
We are going to show that, for an appropriate choice of the moduli, the K operator corre-
sponds to the entanglement entropy operator and expected values taken over the boundary
state will correspond to the trace over the R2 region. Before doing this, we define a sequence
of conformal transformations, the same used in [26]. First, from ς = x+ it, we go to w by
w = −sin
π
Λ
(ς − Σ)
sin π
Λ
(ς)
. (45)
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This places the degrees of freedom set in R1 on the positive side of the real axis. Now, we
can go from w to z by the usual relation:
z =
1
k
lnw . (46)
The system is confined to a strip of width π/k and length L. If we define the ultraviolet
cutoff ǫ such that Σ→ Σ + ǫ, we obtain
L =
2
k
ln
(
Σ
ǫ
)
. (47)
Now we have a torus with periods 2π
k
and L. We can define the moduli as τ = 2π
kL
, so that
q = q¯ = e
−4pi2
kL .The expected value of K in |Φ〉 is then given by
S = 2
∑
n
[(
1 +
qn
1− qn
)
ln
(
1 +
qn
1− qn
)
− q
n
1− qn ln
(
qn
1− qn
)]
. (48)
The moduli choice allows one to evaluate the sums in the continuous limit (|τ | << 1)
and, given the definition of q, the entropy is written in terms of known integrals. Assuming
that Σ >> Λ, the result for the entropy is
S =
1
3
ln
(
Σ
ǫ
)
, (49)
which is the well-known result for the entanglement entropy of the central charge one con-
formal theory defined in the segment Σ.
Now, let us define
Vn(θ) =
∏
k
(
sinh (θk)
2nk
cosh (θk)
2nk+2
)
, (50)
with the identifications (44). Considering
ρ = |Φ(q)〉 〈Φ(q)| , (51)
the reduced density operator is written as
ρA = TrB [|Φ(q)〉 〈Φ(q)|]
=
∑
n
Vn(t) |n〉 〈n| . (52)
By tracing over the B-degrees of freedom, we obtain
ρA(q) = e
−SA(q) , (53)
which shows that the entropy operator SA(q) is nothing but the so-called modular Hamil-
tonian for this state [27].
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IV. A DISSIPATIVE MODEL FOR ENTANGLEMENT EVOLUTION
Once we have shown that we can use the TFD canonical approach to calculate the
entanglement entropy, let us propose a model for the entanglement evolution. Inspired in
the non-equilibrium TFD formulation, we propose a local interaction between the system
and the auxiliary one. The simplest model is given by the Hamiltonian:
HI = iγ
∑
n
(
ana˜n − a†na˜†n + a¯n˜¯an − a¯†n˜¯a†n) . (54)
Suppose that this interaction is turned on, at least for a short period of time. This is a
typical dissipative Hamiltonian, explored a long time ago in canonical dissipation theory
[28]; the λ parameter is the damping term. This Hamiltonian produces an exchange of
energy between the system and its copy. The total Hamiltonian is written as:
H =
∑
n
(
ana
†
n − a˜na˜†n
)
+ iγ
(
ana˜n − a†na˜†n
)
+
∑
n
(
a¯na¯
†
n − ˜¯an˜¯a†n)+ iγ (a¯n˜¯an − a¯†n˜¯a†n) . (55)
The idea is to evolve the state defined in (41) in time, using this Hamiltonian. The time
dependent state becomes:
|Φ(q, t)〉 = exp(−iHt) |0(t = 0)〉
= exp
[∑
k
(
γt
2
+ θk)
(
A−kBk − A†−kB†k
)]
|0〉A ⊗ |0〉B
=
∏
k
δkk
cosh
(
γt
2
+ θk
) exp [tanh(γt
2
+ θk
)
A†−kB
†
k
]
|0〉A ⊗ |0〉B , (56)
where
θn =
1
2
ln
[
1 + q
n
2
1− q n2
]
. (57)
The expected value of the number operator is given by
Nk(q, t) = 〈Φ(q, t)
∣∣A†nAn∣∣Φ(q, t)〉 = sinh2(θn + γt) . (58)
Therefore, we have a simple way of obtaining the temporal evolution of the entropy. We
just need to evaluate the expected value of the operator (42) in the state (56). The time
dependent entanglement entropy is
SA =
N∑
k=0
[(1 +Nk(q, t)) ln(1 +Nk(q, t))−Nk(q, t) lnNk(q, t)] , (59)
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where, as previously defined, q = q¯ = e
−4pi2
kL , and L is given in (47). The time dependent
entropy for γt << 1 is given by
S =
1
3
ln
(
Σ
ǫ
)
+ γt
∑ q n2 ln(qn)
qn − 1
=
1
3
ln
(
Σ
ǫ
)
− γt π
2
2 ln q
= ln
(
Σ
ǫ
)(
1
3
+
γt
4
)
. (60)
This result reproduces the well-known linear growth of the entanglement entropy in confor-
mal theories [29]. Note that the time dependent part is also proportional to ln
(
Σ
ǫ
)
, as one
should expect.
V. CONCLUSION
In this work, a canonical way to calculate the entanglement entropy of c = 1 conformal
theories was presented. We have shown that the expected value of the entropy operator
in TFD provides the entanglement entropy between the degrees of freedom defined in a
line segment and its complement. In this procedure is not necessary to make an analytical
continuation from Re´nyi entropy. The starting point is to define a boundary state related
to a torus. We have shown that the choice of the torus moduli space is related to the
parameters of the Bogoliubov transformation used in TFD. Note that, in general, boundary
states essentially have no space entanglement [30]. Here we construct a boundary state that
has real space entanglement entropy. The key to this feature is the doubling of the degrees
of freedom and the tilde conjugation rules. A model for entropy evolution is proposed and
the typical linear behavior of conformal theories is achieved.
In order to better understand the relation of the canonical procedure presented here to
the usual one, based on path integral formalism, it will be interesting to relate the expected
value of the entropy operator to the covariant matrices calculated from the torus boundary
state. Also, the calculation of correlation functions in the boundary state defined here will be
important in order to have a perturbative approach to calculate space entanglement entropy
of interacting theories.
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